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We study the proposal that the rise with energy of the ratio of Ψ(2s) and J/Ψ exclusive
photoproduction cross-sections might serve as an indicator of the presence of non-linear QCD
evolution, related to the presence of high and potentially saturated gluon densities in both the
proton and a lead nucleus. Our study employs recent fits of the GBW and BGK dipole models
and provides predictions for both exclusive photoproduction on a proton and on a lead nucleus.
While the cross-sections for photoproduction on a proton depend only weakly on non-linear
low x corrections, we find an increased sensitivity for the cross-section ratio, which is directly
related to the node in the Ψ(2s) wave function. We further give a description of recent ALICE
data for exclusive J/Ψ photoproduction on a lead nucleus and provide predictions for Ψ(2s)
photoproduction on a lead nucleus as well as for the corresponding cross-section ratio.
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1 Introduction

Exclusive photoproduction of charmonium in ultra-peripheral collisions at the Large Hadron Collider
(LHC) provides a unique opportunity to examine Quantum Chromodynamics (QCD) at very low values
of x. With x =M2

V /W
2, where MV is the mass of the vector meson, and W the center-of-mass energy of

the photon-proton or photon-nucleus collision, this corresponds to the high-energy limit of perturbative
strong interactions. Examining this low x limit is of interest, since it allows us to investigate an important
open question in the exploration of strongly interacting matter: In the above-described interaction of a
photon with a proton (or an entire nucleus), we explore the gluon distribution of the proton (or nucleus),
if the reaction occurs in the presence of hard scale; the latter allows for the identification of partonic
degrees of freedom. Such a scenario is realized for charmonium production, where the mass of the charm
quark provides the hard mass scale. In the region of phase space where the variable x takes small values –
roughly speaking values smaller than 0.01 – BFKL evolution predicts for the inclusive gluon distribution
a powerlike rise with x. While such a rise has been clearly seen in data, there are strong theoretical
arguments that suggest that such a rise must at some value of x slow down and eventually come to
hold1,2. The growth of the gluon density will therefore saturate at some value of x. While there are
strong arguments for gluon saturation, the determination of the value of x, where this new phenomena
should manifest itself in data, is still an open task.

Reactions that involve charmed final states are in this context particularly interesting3,4, since they
sit on the boundary between perturbative and non-perturbative QCD dynamics. While the presence of a
hard scale is essential for a description based on microscopic degrees of freedom, a large hard scale will se-
lect regions of the phase space, where non-linear terms in QCD evolution equations are suppressed. These
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non-linear terms occur in extensions of the BFKL evolution equation, such as the BK equation, where
they lead to a slowdown of the growth of the gluon distribution. Previously, a description of the energy
dependence of the photoproduction cross-sections of charmonium5,6,7,8,9,10,11 has been provided through
comparing fits of unintegrated gluon distributions subject to next-to-leading order (NLO) BFKL evolu-
tion 12,13,14 (Hentschinski-Salas-Sabio-Vera; HSS) and DGLAP-modified BK evolution 15 (Kutak-Sapeta;
KS). This approach allows for direct evaluation of linear and non-linear low-x frameworks and attempts
to search for features which distinguish between them, if compared to experimental data. Although un-
integrated gluon distributions subject to linear and non-linear QCD evolution start to diverge at values
of x < 10−4 − 10−5, uncertainties prevent drawing firm conclusions whether signs of non-linear QCD
dynamics are present in data. However, it was noted8,5 that the ratio of photoproduction cross-sections
of Ψ(2s) and J/Ψ vector mesons shows distinct energy dependence for linear (BFKL) and non-linear
(BK) evolution equations: The ratio rises with energy under full non-linear QCD evolution, while it stays
relatively constant with linear evolution. Although the rise in the ratio of Ψ(2s) and J/Ψ photoproduc-
tion cross-sections with energy has been previously documented for unitarized dipole models16 17, the
constant ratio with linear QCD evolution has not been thoroughly studied, to the best of our knowledge.

An interesting question in this context is whether the observed features are a coincidence related to
the specific form of the HSS and KS distributions or whether they constitute a general characteristic of
dipole cross-sections and/or gluon distributions with or without non-linear QCD dynamics. We therefore
repeat the previous analysis5, using two dipole models to represent the gluon density: the Golec-Biernat
Wusthoff18 (GBW) and the Bartels Golec-Biernat Kowalski? (BGK) model. While these are models
which themselves are not subject to low x QCD evolution equations, they allow for direct manipulation
of non-linear corrections and therefore for an exploration of their relevance for the photoproduction cross-
section. We work with both models in their linearized and complete exponentiated (unitarized) versions,
offering detailed definitions further down. While our primary focus is on the ratio of Ψ(2s) to J/Ψ
photoproduction in photon-proton collisions, we also discuss recent data from the ALICE experiment on
J/Ψ photoproduction in photon-lead collisions 19,20, using these models for our analysis. Additionally,
we provide predictions for Ψ(2s) photoproduction in photonuclear reactions and the ratio of Ψ(2s) to J/Ψ.

In this contribution, we summarize essential recent results21,22, to which refer the interested reader
for more details.

2 Photoproduction cross-sections

We study the process,

γ(q) +H(p) → V (q′) + p(p′), V = J/Ψ, ψ(2S) , (1)

where γ denotes a quasi-real photon with virtuality Q ≃ 0, which stems from an electron (HERA) or a
proton/lead nucleus in the case of LHC data; H is the proton or lead nucleus respectively. W 2 = (q+p)2

the squared center-of-mass energy of the γ(q) + H(p) reaction. With t = (q − q′)2, the differential
cross-section for the exclusive photo-production of a vector meson can be written as,

dσ

dt
(γp→ V p) =

1

16π

∣∣∣Aγp→V p
T (x, t)

∣∣∣2 , V = J/Ψ, ψ(2S) . (2)

Here AT (W
2, t) denotes the scattering amplitude for a transverse polarized real photon with color singlet

exchange in the t-channel, with an overall factor W 2 already extracted. x =M2
V /W

2 with MV the mass
of the vector meson7. We finally have for the photoproduction cross-section

σγp→V p(W 2) =
1

BD(W )

dσ

dt
(γp→ V p)

∣∣∣∣
t=0

, (3)

where BD is diffractive slope parameter21. For the proton, we use17

BD,p(W ) =

[
b0,p + 4α′

p ln
W

W0

]
GeV−2, (4)

with b
J/Ψ
0,p = 4.62, b

Ψ(2s)
0,p = 4.86, α

′J/Ψ
p = 0.171 and α

′Ψ(2s)
p = 0.151. For the lead nucleus we have

BD = (4.01±0.15) ·102/GeV2, which we determined from a fit to the |t| dependence of the coherent J/Ψ
photonuclear production by the ALICE collaboration23.
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2.1 Wavefunction overlap

Within high energy factorization, the imaginary part of the scattering amplitude at t = 0 is obtained
as a convolution of the light-front wave function – which describes the formation of a color dipole and
its subsequent transition into a vector meson – and the dipole cross-section. In the following, we use a
simple Gaussian model for the vector meson wave function,

ℑmAγp→V p
T (x, t = 0) =

∫
d2rΣ(r)σqq̄ (x, r) , (5)

where r = |r| denotes the transverse separation of the dipole and

Σ(r) =

∫ 1

0

dz

4π
(Ψ∗

VΨT ) (r, z)

=

∫ 1

0

dz

4π

êfeNc
πz(1− z)

{
m2
fK0(mcr)ϕT (r, z)−

[
z2 + (1− z)2

]
ϵK1(mcr)∂rϕT (r, z)

}
. (6)

Although previously5 a more refined description of the wave function overlap24,17 has been used, the effects
are minimal for our current study. Thus, we opted for the simpler boosted Gaussian model following the
Brodsky-Huang-Lepage prescription25,?,?:

ϕ1sT (r, z) = NT,1sz(1− z) exp

(
−

m2
fR2

1s

8z(1− z)
− 2z(1− z)r2

R2
1s

+
m2
fR2

1s

2

)
, (7)

ϕ2sT,L(r, z) = NT,2sz(1− z) exp

(
−

m2
fR2

2s

8z(1− z)
− 2z(1− z)r2

R2
2s

+
m2
fR2

2s

2

)

·

[
1 + α2s

(
2 +

m2
fR2

2s

4z(1− z)
− 4z(1− z)r2

R2
2s

−m2
fR2

2s

)]
. (8)

The free parameters of this parametrization have been determined in various studies from the normal-
ization and orthogonality of the wave functions as well as the decay width of the vector mesons. Here
we use26 NT,1s = 0.57,NT,2s = 0.67,mc = 1.4 GeV,R2

1s = 2.45 GeV−2,R2
2s = 3.72 GeV−2, α2s = −0.61

and mc = 1.4 GeV.

2.2 Dipole cross-sections

Within collinear factorization, one finds to leading order for the dipole cross-section27 28

σcollinear
qq̄ (x, r) =

π2

3
r2αs(µ

2)xg(x, µ2). (9)

The renormalization scale µ is usually identified with the factorization scale and taken to depend on
the dipole size with µ2 ∼ 1/r2 for small dipole sizes; xg(x, µ2) denotes the collinear gluon distribution
subject to leading order DGLAP evolution. A simple way to estimate corrections that yield unitarization
of this dipole cross-section in the limit of large dipole separations r and/or large gluon densities is to
exponentiate the collinear cross-section, which yields the Bartels–Golec-Biernat–Kowalski (BGK) model,

σBGK
qq̄ (x, r) = σBGK

0

[
1− exp

(
−r

2π2αs(µ
2
r)xg(x, µ

2
r)

3σBGK
0

)]
. (10)

The above exponentation introduces a new parameter, σ0, which yields the value of the dipole cross-
section in the black disk limit, corresponding to the transverse size of the target. An even simpler model
is provided by the Golec-Biernat, Wüsthoff (GBW) model,

σGBW
qq̄ (x, r) = σGBW

0

[
1− exp

(
−r

2Q2
s(x)

4

)]
, Q2

s(x) = Q2
0

(x0
x

)λ
, (11)

where Qs denotes the saturation scale within the model and gathers various elements of the collinear
cross-section into a single factor. Both models have been recently refitted for dipole scattering on a
proton to combined HERA data in 29 where free parameters are obtained as σGBW

0 = (27.43± 0.35) mb,
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λ = 0.248±0.002, x0 = (0.40±0.04) ·10−4, while Q0 = 1 GeV for the GBW model. For the BGK model,
g(x, µ2) is subject to leading order DGLAP evolution equation without quarks,

d

dµ2
g(x, µ2) =

αs
2π

∫ 1

x

dz

z
Pgg(z)g(x/z, µ

2), xg(x,Q2
0) = Agx

−λg (1− x)5.6, (12)

where xg(x,Q2
0) denotes the gluon distribution at the initial scale Q0 = 1 GeV. Following the recent

fit29 of this model, we evaluate the gluon distribution and the QCD running coupling at the dipole size
dependent scale

µ2
r =

µ2
0

1− exp (−µ2
0r

2/C)
. (13)

The remaining parameters of the model have been obtained as σBGK
0 = (22.93±0.27) mb, Ag = 1.07±0.13,

λg = 0.11 ± 0.03, C = 0.27 ± 0.04, µ2
0 = (1.74 ± 0.16) GeV2. The exponentiated terms allow us within

these simple models to explore the relevance of non-linear QCD dynamics for the description of data.

2.3 Modified Dipole Cross-sections and nuclear effects

To explore the relevance of the exponentiated terms, which simulate non-linear QCD evolution, we will
compare for the following numerical study both complete and linearized models. In addition, we introduce
in the following a parameter ‘k’ which allows for a smooth transition between both scenarios, i.e., which
allows to vary the ‘density’ of gluons by hand. We introduce this parameter k through a rescaling
Q2
s(x) → k · Q2

s(x), while we keep the linearized dipole cross-sections fixed. For the GBW model, this
leads to

σGBW
qq̄ (x, r, k) = σGBW

0 Q2
s(x)

(
r2

4

)[
1 +

∞∑
n=1

1

(n+ 1)!

(
−k · r

2Q2
s(x)

4

)n]

=
σGBW
0

k

[
1− exp

(
−k · r

2Q2
s(x)

4

)]
. (14)

With this modification, k = 0 corresponds to the linear case, whereas k = 1 yields the current HERA fit
of the model; finally, k > 1 implies an additional enhancement of non-linear effects. Within this simple
approach, k can be understood as a parameter that controls the strength of the triple Pomeron vertex
and, therefore, the relevance of non-linear dynamics. We also apply an identical modification to the BGK
model,

σBGK
qq̄ (x, r, k) =

σBGK
0

k

[
1− exp

(
−k · r

2π2αs(µ
2
r)xg(x, µ

2
r)

3σBGK
0

)]
. (15)

If the color dipole scatters on a large nucleus instead of a single proton, one expects an increase in the
saturation scale due to the nuclear “oomph factor”,

Q2
s,A(x) ≃ A

1
3Q2

s(x), (16)

where A denotes the number of nucleons in the nucleus, and Q2
s,A(x) is the saturation scale for the nuclear

target, while Q2
s(x) denotes the saturation scale for a single proton, as obtained from the fit to HERA

data. With the transverse size of the dipole cross-section scaling as ∼ A2/3, we finally obtain

σqq̄,A(x, r) = A
2
3σqq̄(x, r, k = A

1
3 ). (17)

3 Non-linear corrections and the Ψ(2s) over J/Ψ ratio

Having set up the theoretical framework, we ask ourselves the question whether one can expect a mani-
festation of non-linear QCD dynamics in the photoproduction of J/Ψ and Ψ(2s) vector mesons. Taking
a first look at the predictions for the production cross-section, Fig. 1, we observe a clear difference be-
tween linearized and complete dipole models. Compared to the results based on BFKL/BK evolution5,
one observes that the difference between linear and non-linear cases is more pronounced in the case of
dipole models. This is not a surprise: while both HSS (linear) and KS (non-linear) gluon distributions

4
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Figure 1 – Energy dependence of the total cross-sections for exclusive photoproduction of J/Ψ (left) and
Ψ(2s)(right) as obtained within the dipole models discussed in the text. We further display photo-production data
measured at HERA by ZEUS30 and H131,32 collaborations as well as LHC data obtained from ALICE33,34,35 and
LHCb36,37 for J/Ψ production as well as H138,39 and LHCb data37 for the Ψ(2s) photoproduction cross-section.
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Figure 2 – Predictions of the photonuclear production of J/Ψ and Ψ(2s). We further show ALICE 19 and CMS
40 data.

have been fit to HERA data, for the dipole models such a fit has been only performed for the complete
(non-linear) models. This is also the reason why we require different K-factors for linearized and complete
models. Fig. 2 provides the corresponding predictions for the photonuclear reaction, where charmonium
is produced through the scattering of a photon on a lead nucleus. In comparison to the proton case,
the energy dependence of the complete dipole models shows now a clear saturation effect in the sense
that there is a clear difference between the powerlike rise with the energy of the linearized models and
the energy dependence of the complete models. We however note that the energy dependence of the
linearized model is identical to the energy dependence of the proton cross-section; nuclear shadowing
effects absent in this case. As discussed in 19, the data set can be described with a similar accuracy if one
employs a powerlike growth, with a reduced Pomeron intercept. We believe that a closer investigation of
this aspect would be a very interesting research task for the future.

3.1 Charmonium production and the scaling region

In the following, we would like to reinvestigate the potential relevance of non-linear corrections based
on general estimates of the size of such corrections for different regions of phase space of the dipole
cross-section. With

QGBW
s (x = 10−6) ≃ 1.58 GeV, (18)

the numerical value of the saturation scale in the proton is close to the hard scale of the charmonium
production cross-section, mc ≃ 1.4 GeV. One therefore does not enter a region of phase space where
Q2
s ≫ m2

c and where therefore an expansion of the cross-section in powers of Q2
s/m

2
c is clearly breaking
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Figure 3 – Left: Estimated geometric scaling region, based on the GBW saturation scale for both proton and
lead. Right: Integrated Gaussian wave function overlap for photo-production of vector mesons J/Ψ and Ψ(2s)

down. We are therefore not sensitive to the saturated region of the dipole cross-section, but at most to the
so-called (geometric) scaling region41. In this region of phase space, the dimensionless dipole cross-section
σqq̄(x, r)/σ0 is still weak, σqq̄(x, r)/σ0 ≪ 1, but the existence of a region of saturated dipole cross-section42

σqq̄(x, r)/σ0 ∼ 1 reflects itself already in the dynamics of the dipole cross-section. Seen from a different
perspective, the geometric scaling region can be defined as the range in dipole size r, where the dipole
cross-section σqq̄(x, r) turns into a function of a single variable, σqq̄(x, r) → σqq̄(r

2Q2
s(x)); the saturation

scale therefore turns in this region of phase space into the relevant mass scale of the dipole cross-section.
Note that such a dependence is generally assumed in the employed dipole models.

Using properties of solutions to the BK equations, this scaling region can be estimated using the
following inequality43,44,45:

1 <
∣∣ln (r2Q2

s(x)
)∣∣ ≤√αsχ′′

0(γ0), (19)

with χ0(γ) = 2Ψ(1) − Ψ(γ) − Ψ(1 − γ) the leading order BFKL eigenvalue and γ0 implicitly defined
through χ0(γ0)/γ0 = χ′

0(γ0) with γ0 ≃ 0.627549. The resulting scaling region is illustrated in Fig. 3 (left)
using the GBW saturation scale and αs(mc) ≃ 0.29, for both the proton and a lead nucleus. For the
proton, even at the lowest accessible values of x, one enters the scaling region only for r > 1/GeV; one is
therefore in a region of phase space which is dominated by non-perturbative dynamics. This is in general
one of the reasons why one searches for events on the boundary between perturbative and non-perburative
QCD dynamics, since it is this region of phase space where non-linear effects are enhanced. For a lead
nucleus, the scaling region starts already at r > 0.4/GeV, since the gluon density is enhanced through
the overlap of various nucleons. To compare the scaling region to the region in dipole sizes probed for
J/Ψ and Ψ(2s) production, we introduce the normalized wave function overlap

WV (r) =
r
∫ 1

0
dz(Ψ∗

VΨT )(r, z)∫
drr

∫ 1

0
dz(Ψ∗

VΨT )(r, z)
,

∫ ∞

0

drW (r) = 1, (20)

see Fig. 3, right; note that WΨ(2s)(r) < 0 for r > 2.59/GeV. To access the relevance of the different
regions in dipole size r for the complete cross-section, we further provide in Tab. 1 the integrated WV (r)
function for different regions. For the photonuclear production cross-section, the bulk of the dipole sizes
probed in the reaction – approximately three quarters – lies within the geometric scaling region; this

Table 1: Percentage of wV =
∫ rmax

rmin
drWJ/Ψ for different regions of dipole size r. Note that the WΨ(2s) < 0 for

r > 2.59/GeV.

0 < r < 0.4/GeV 0.4 < r < 1/GeV 1 < r < 3/GeV r > 3/GeV

wJ/Ψ(%) 23.6 40.8 34.9 0.7

wΨ(2s)(%) 26.7 45.7 30.0 - 1.4
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Figure 4 – Ratio of photoproduction cross-sections both for the proton (left) and lead (right). For the proton we
further depict ZEUS46 and H147 data

explains the clear imprint of a non-linear energy dependence in the photoproduction cross-section shown
in Fig. 2. For photoproduction on a proton, this contribution is however reduced to approximately a
third, which explains the relatively weak non-linear dynamics in Fig. 1.

3.2 The ratio of the photo-production cross-sections

To have access to the geometrical scaling region in the proton, it is necessary to probe observables that
are somehow sensitive to dipole sizes 1 < r < 3/GeV. In this region, both wave function overlaps are still
sizeable, while they differ significantly in shape due to the node of Wψ(2s) at r = 2.59/GeV. A possibility
to gain sensitivity to this region is given by observables which attempt to probe the difference in this wave
function shape. An obvious candidate is obviously the ratio of both photo-production cross-sections. To
understand the behavior of this ratio, it is best to study it first for the scenario where non-linear dynamics
are absent. For the linearized GBW model,

σGBW, lin.
qq̄ (x, r) = σGBW

0 r2Q2
s(x)/4, (21)

Eq. (5) turns into

ℑmAγp→V p
T (x) = Q2

s(x) · σGBW
0

∫
d2rΣ(r)r2/4, V = J/Ψ,Ψ(2s). (22)

For the ratio of both photoproduction cross-sections, the energy dependence therefore cancels and one
is left with a ratio constant with energy. This differs for the complete dipole model, where x and r-
dependence do not factorizae. For the BGK model, one finds a dipole size dependent saturation scale
or gluon distribution. The x-dependence does therefore not cancel in the ratio. Nevertheless, in the
region of interest corresponding to dipole sizes r > 1/GeV, the factorization scale approaches rapidly
µ0 ≃ 1.32 GeV and one deals again with a dipole size independent saturation scale. For r > 1/GeV,
the x-dependence of the collinear leading order dipole cross-section Eq. (9) turns r-independent and one
finds again a ratio which is approximately x independent, if one sticks to the linear dipole cross-section.
For r < 1/GeV, there is clearly a dependence on the dipole size, while in this region the shape of both
wave functions is very similar; the difference will therefore not manifest itself at the cross-section level.

4 Predictions for the ratio of photoproduction cross-sections

We finally present our numerical results at the level of cross-sections measured in experiment in Fig. 4. As
expected we find for the photoproduction on a proton an approximately linear growth of the cross-section
ratio, if non-linear effects are fully included; the regarding linearized versions lead on the other hand to
a cross-section ratio constant with energy W . The scenario is similar for photoproduction on a lead
nucleus, with the important difference that for the largest center of mass energies we can already observe
a slowdown of the growth of the ratio. This is in a certain sense a deviation from a possible growth of
the ratio within collinear factorization, which can accommodate, but not predict a growing ratio. In that
case, a growing or constant ratio is obtained due to different choices for the collinear factorization scale;
for a detailed discussion we refer to the paper21.
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5 Conclusions

We examined the proposal5, suggesting that an increasing ratio of photoproduction cross-sections for
Ψ(2s) and J/Ψ can be an indicater for non-linear low x dynamics in protons or nuclei. Our analysis
utilized dipole cross-sections from the GBW and BGK models, which essentially exponentiate linear cross-
sections to investigate the effects of non-linear low x dynamics. As an initial outcome, we confirmed that
the observation5 holds if gluon distributions under linear NLO BFKL and non-linear BK evolutions are
replaced by linearized and unitarized dipole models: without non-linear low x dynamics, the ratio of the
two cross-sections remains nearly constant, but it rises when using the fully exponentiated dipole model.
This behavior can be explained by the convolution of the dipole cross-section and the wave function
overlap: if the dipole cross-section’s shape changes with x in regions where wave function overlaps for
the transition from photon to Ψ(2s) and J/Ψ differ, the ratio increases. In linearized models, this
phenomenon is absent because only the normalization changes with x while the shape in dipole size
remains approximately constant, apart from minor adjustments from DGLAP evolution.
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